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Abstract 

We give in the present work a new methodology that allows to give isoperimetric 
proofs, for Kneser's Theorem and Kemperman's structure Theory and most sophisticated 
results of this type. As an illustration we present a new proof of Kneser's Theorem. 



1 Introduction 

A basic tool in Additive Number Theory is the following generalization of the Cauchy- 
Davenport Theorem [21 [3] due to Kneser: 

Theorem 1 (Kneser [181 120]) Let G be an abelian group and let A,BcGbe finite 
subsets such that \A + B\ < \A\ + \B\ — 2. Then A + B is periodic. 

The above compact form of Kneser's Theorem implies easily the following popular form of 
this theorem: 

Corollary 2 (Kneser [18, 19, 20]) Let G be an abelian group and let A,BcGbe finite 
subsets. Then \A + B\ > \A + H\ + \B + H\ - \H\, where H is the period of A + B. 



Proofs of this result based on the additive local transformations introduced by Cauchy and 
Davenport [IE] are contained in [181 fl9l 120] . 

Recently the author introduced the isoperimetric method allowing to derive additive inequal- 
ities from global properties of the fragments and atoms (subsets where the objective function 
|yl + i3| — \A\ achieves its minimal non trivial value). 

This method can be applied to abstract graphs and non abelian groups and have implications 
that could not be derived using the local transformations. However in the abelian case, it 
was not clear how to derive the Kneser-Kemerman's Theory from the isopermetric method. 
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Very recently Balandraud introduced some isoperimetric objects and proposed a proof, re- 
quiring several pages, of Kneser's Theorem using as a first step our result that the 1-atom 
containing is a subgroup. 

The purpose of the present paper is not to give a short proof of Kneser's Theorem. Each of 
the direct proofs contained in |X8|, [20] is quite short and requires around three pages. However 
the present proof gives more light on on the isoperimetric nature of Kneser's Theorem and 
shows that it follows from the fundamental property of the 1-atoms. 

More interesting than this new proof is the methodology which could be applied in the fol- 
lowing contexts: 

• It will be used in a coming paper to Kemperman's structure Theorem |16| and its 
critical pair Theorem proved recently by Grynkiewicz [5], producing considerable sim- 
plifications. 

• Quite likely this method could be applied to solve the open question concerning the 
description for subsets A, B with \A + B\ = \A\ + \B\ + m, for some values of m > 0. 

• This method is purely combinatorial and could be adapted to non abelian groups. 
Indeed the major part of the arguments of this paper holds for non abelian groups. 

2 Terminology and preliminaries 

2.1 Groups 

Let G denotes an abelian group. The subgroup generated by a subset S will be denoted by 
(S). Let A, B be subsets of G. The Minkowski sum is defined as 

A + B = {x + y : x £ A and y € B}. 

For an element x G G, we write vab(%) = \(x — B) (1 A\. Notice that va,b(x) is the number 
of distinct representations of x as a sum of an element of A and an element of B. 

We use the following well known fact: 

Lemma 3 1191/ Let G be a finite group and let A,B be subsets such that \A\ + \B\ > \G\ + 1. 
Then ta,b(%) > t. 

Let H be a subgroup. A partition A = [J A%, where Ai is the nonempty intersection of some 

iei 

iif-coset with A will be called a H- decomposition of A. 

2.2 The strong isoperimetric property 

Let V be a set and let E C V x V. The relation T = (V, E) will be called a graph. An element 
of V will be called a point or a vertex. The graph V is said to be reflexive if (x, x) E E, for all 
x. We shall write 

d(X) = T{X) \ X. 



2 



A path of r from x\ to x k is a sequence = [x±, ■ ■ ■ ,x k ] of pairwise distinct points (where 
k > 1) such that S E, for all 1 < i < A; — 1. The set of points of \x is by definition 

P(//) = {x\, ■ ■ ■ ,Xk}- Our paths are called elementary paths in some Graph Theory books. 

A family /Ui, • • • , of paths from x to y will be called openly disjoint if P(fj,i)nP(fij) = {x, y} 
for all i,j with i ^ j. 

Let r = (V,E) be a locally finite graph with |V| > 1. The 1 -connectivity of T is defined as 

Ki(r) = mm{\d(X)\ : oo > |X| > 1 and \X U F(X)\ < \V\ - 1}, (1) 
where min0 = \V\ — 1. 

Let G be a group, written additively, and let 5 be a subset of G. The graph (G,E), where 
E = {(x, y) : —x + y S 5} is called a Cayley graph. It will be denoted by Cay(G, 5). 

Let T = Cay(G, S) and let F C G. Clearly r(F) = F + S. 

A general formalism, including the most recent terminology of the isoperimetric method, may 
be found in a the recent paper |14j . 

Let x, y be elements of V. We shall say that y is (k — l)-nonseparable to x in V if |<9(A)| > k, 
for every subset A with x € A and ?/ ^ r(^4). 

We shall formulate Menger's Theorem (the general form of this result is due to Dirac) which 
is a basic fact from Graph Theory. It has applications in Additive number Theory |19l I20j . 

Theorem 4 ( Dirac-Menaer)fTQ [2U\j 

Let r = (V, E) be a finite reflexive graph Let k be a nonnegative integer. Let x, y G V such 
that y is (k — l)-nonseparable from x, and (x,y) ^ E. Then there are k openly disjoint paths 
from x to y. 

One may formulate Menger's Theorem for non reflexive graphs. Such a formulation is slightly 
more complicated and follows easily from the reflexive case. We shall give an isoperimetric 
short proof of this result in the appendix. 

We need the following consequence of Menger's Theorem: 

Proposition 5 Let T be a locally finite reflexive graph and let k be a nonnegative integer 
with k < K\. Let X a finite subset ofV such that min(|V| — \X\) > k. There are pairwise 
distinct elements xi,X2, ■ ■ ■ ,X). £ X and pairwise distinct elements yi,y2,~" ,Uk £ X such 
that 

• (%i,yi), • • • , {x k ,y k ) G E, 

• \Xu{ yi ,--- ,y k }\ = \X\+k, 

Proof. By the definition of K\, we have |<9(Y)| > mm(|y| — \Y\, K\) > k, for every Y C V. Let 
$ = (r(X), E') be the restriction of T to T(X) (observe that X C T(X)). Choose two elements 
a,b $lV. Let ^ be the reflexive graph obtained by connecting a to X U {a} and d(X) U {6} to 
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b. We shall show that b is (k — l)-nonseparable from a in Take a € T such that b £ ty(T). 
Then clearly T C X U {a}. Assume first T = {a}. Then |tf(T)| - |T| = [X U {a}| - 1 > fe. 
Assume now We have *(T) = X U {a} U T(T n X). Therefore 

[*(T)| > 1 + |x| + |r(Tnx) \x| > 1 + \x\ + (\Tnx\ + k- \x\) > k. 

By Menger's Theorem there are P\, ■ ■ ■ ,Pk openly disjoint paths from a to b. Choose Xi as 
the last point of the path P, L belonging to X and let yi the successor of Xi on the path Pj. 
This choice satisfies the requirements of the proposition. I 

We call the property given in Proposition [5] the strong isoperimetric property. 

3 Isoperimetric preliminaries 

The isoperimetric method is usually developed in the context of graphs. We need in the 
present work only the special case of Cayley graphs on abelian groups that we shall identify 
with group subsets. 

Throughout all this section, S denotes a finite generating subset of an abelian group G, with 
e S. 

For a subset X, we put d s (X) = (X + S) \ X and X s = G \ (X + S). 

Lemma 6 J3 X be a subset of G. Then (X s )- S + S = X + S. 

The last lemma is proved in Balandraud pQ and generalized in |14j . 

The 1-connectivity of S is defined as Ki(S) = «i(Cay(G, S)). By the definitions we have 

K 1 (S)=mm{\d(X)\ : oo > \X\ > 1 and \X + S\ < \G\ - 1}, (2) 
where min0 = \G\ — 1. 

A finite subset X of G such that \X\ > 1, \G \ (X + S)\ > 1 and \d(X)\ = k^S) is called a 
1-fragment of S. A 1-fragment with minimum cardinality is called a 1-atom. The cardinality 
of a 1-atom of S will be denoted by ai(S). 

If S = G, a 1-fragment (resp. 1-atom) is just a set with cardinality 1. 

These notions, are particular cases some concepts in [71 110 1 fTTl 113^ [T4]. The reader may find 
all basic facts from the isoperimetric method in the recent paper |14j . 

Notice that K\(S) is the maximal integer j such that for every finite nonempty subset IcG 

\X + S\ >min(jG|,|X|+/). (3) 

Formulae ([3]) is an immediate consequence of the definitions. We shall call ([3]) the isoperi- 
metric inequality. The reader may use the conclusion of this lemma as a definition of k-i(S). 
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Since |<9({0})[ < m, we have: 

«i(5')<|S'[-l. (4) 
The basic intersection theorem is the following: 

Theorem 7 J23 BF 

-Let S be a generating subset of an abelian group G with £ S. Let A be a 1-atom and let 
F be a 1-fragment such that \A D F\ > 1. T/ien A C F. In particular distinct 1-atoms are 
disjoint. 

The structure of 1-atoms is the following: 
Proposition 8 J3 G3 (2^ 

Let S be a generating subset of an abelian group G with € 5. Let H be a 1-atom of S with 
£ H. Then H is a subgroup. Moreover 

> > (5) 

Proof. Take x € H. Since a; € (H + x)nH and since + x is a 1-atom, we have H + x = H 
by Theorem [71 Therefore H is & subgroup. Since 5 generates G, we have \H + S\ > 2|H|, 
and hence Kl (S) = |# + 5| - |£T| > > Jf . I 

Let us formulate two corollaries: 

Corollary 9 J3|, El Let S be a nonempty subset of an abelian group G. Let Q be the 
subgroup generated by S — S. Let T be a subset of G such that T + Q ^ T . Then 

\T + S\ > + (6) 

Proof. Take an element a of 5 and put X = S — a. Since X — X = S — S, X generates Q. 
Take a Q-decomposition T = (J Tj. Since T + Q ^ T, there is a j with Tj + S ^ Tj. Take 

b €Tj, we have using by ([5]): 

l T + 5 l = Z]l Ti + S l + l r i + S l = l T |-| T il + l r i- 6 i + ' S - a l 

= |r|-|r i | + (|r J -| + l|l) = |r| + i|l. 



Corollary 10 Let S and T be nonempty subsets of an abelian group G such that \T + S\ < 
\T\ + 1 5 1 — m and s5, /or some m > 0. 

Then there are a € G and T' C a + (5 1 ), suc/t i/iat (T \ T") + (5) = T\T' and \T' + S\ < 
\T'\ + \S\-m. 
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Proof. Decompose T = \J i& u T i modulo (S). By ©, k^S) > J|i. Put V = {i G £/ : 
|Ti + 5| < |(5)|}. By © we have 



> (|c/| - \v\)\(S)\ + £ \ T i\ + \v\^ ^ l T l + \ v \t~ 

iev 



It follows that |V| < 1. The result holds clearly if V = 0, since T + S = T + 5 + (S) in this 
case. Suppose that V = {lo}. We have clearly \T U + S\ < \T W \ + \S\ — m. 



3.1 Fragments in quotient groups 

We need the following lemma: 

Lemma 11 Let S be a finite generating subset of an abelian group G with G S. Let H be 
a subgroup which is a 1-fragment and let <p : G i— > G / H be the canonical morphism. Then 

kiOKS)) = (7) 



Proof. 

Put = u + 1. Since |G| > \H+S\, we have 4>(S) ^ G/H, and hence 4>(S) is 1-separable. 

LetlC G/H, be such that X+(j)(S) + G/H. Clearly ^(Xj+S ^ G. Then \<f>- 1 (X)+S\ > 
[c^POl + ki(S) = (X)| + 

It follows that |X + 0(-S)||F| > |Z||iJ| + u\H\. Hence > « = |<£(S)| - 1. I 



4 An isoperimetric proof of Kneser's Theorem 

Proof of Theorem^ 

Without loss of generality we may assume that G S and \S\ < \T\. The proof is by induction 
on \S\ + |T|, the result being obvious for \S\ + \T\ small. 

Claim 1 If T <f_ (S), then the result holds. 

Proof. By Corollary EH there are a £ G and T" C a + (5), such that (T\T') + (S) =T\T'. 
and |T' + 5| < |T'| + \S\ — 2. Without loss of generality we may assume that G X". By the 
induction hypothesis there is a non zero subgroup N of (S), such that T" + S + iV = T' + 5*. 
It follows that T + S + N = T + S. I 
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By Claim 1, we may assume without loss of generality that 

G= (S). 



Assume first \G\ -\T + S\ = \T S \ < \T\. Then G is finite. By the definition (T s - S) nT = 0. 
Therefore \T S - S\ < \G\ - \T\ = \G\ - \S + T\ + \S + T\ - \T\ < \T S \ + \S\ - 2. Since 
\T S \ + \S\ < \T\ + |S|, we have by the induction hypothesis, T s — S = T s — S + N, for some 
non zero subgroup N. Then (G \ (T s — S)) = T s is A-periodic, and hence by Lemma [6] 
T + S = T s + S is iV-periodic. So we may assume 

\S\ < \T\ < \T S \. (8) 

We prove first the bound 

IS + T\<^^. (9) 
3 

By the assumption \T S \ = \G\ — \T + S\ > \T\ > \S\, we have 



3\S + T\ < 2\S + T\ + \S\ + \T\ -2 

< \G\ - \S\ + \G\ - \T\ + + \T\ - 2 = 2\G\ - 2, 

which proves ([9]). 

Let H be a 1-atom S and let (j> : G i— ► G/H denotes the canonical morphism. Put |</ ) (5')| = u+1 
and \cf){T) \ =t + l. 

Take a ff-decomposition S 1 = |J Si such that |So| > • • • > \S U \. By the definition of a 

0<i<n 

1-atom we have u\H\ = \H + S| — \H\ = K\ < |S| — 2. It follows that for all n > j > 

|5„_^| + --- + |5 lt | >i|#|+2 (10) 

It follows that | So | > — 2 — • In particular So generates H. 

We shall use this fact in the application of the isoperimetric inequality. 

Take a i?-decomposition T = (J ^i- 

0<i<< 

By ©, «i(0(5)) = - l = u. Put e = mm(q-t-l,u). 

By Proposition [5] applied to </>(S) and 0(T"), there is a subset J C [0,t] with cardinality £ 
and a family {mi;i G J} of integers in [1, w] such that T + S contains the .ff-decomposition 
( U ?i + S ) U ( U Ti + S mi ) U i?, 

0<i<t igj 

where J2 = (S + T) \ ((U, eJ + S mi + H)U (U < 1 < < ^ + H)). 

We shall choose such a J in order to maximize \JT\P\. We shall write Ei = (S + T) D (Tj + H) , 
for every i € [0, t]. Also we write E m i = (S + T) n (T, + S m j + i?), for every i G J. 



7 



We put also W = {i G [0, t] : \E t \ < \H\}, and P = [0, t] \ W. We write also g = -JgL. 

Since \T\ > \S\ we have \T + H\ > \S\ > «i(5) = u\H\. It follows that t + 1 = |0(T)| >u + l. 
Then t + 1 - | J| > 0. In particular 7/0, where 7 = [0, i] \ J. 

Let X be a subset of I and let Y be a subset of J. We have 

\S + T\-\R\ > Y, \ E i\+ E \ T i + S o\+ Y \ T i + s mi\ + J2\ E ™\ 
iexuY iei\xuJ\Y ieJ\Y ieY 

> E 1^1+ E i^i + ^-m^oi + Ei^™! ( n ) 

ieXuY ieI\XuJ\Y ieY 

^ E 1^1+ E \Ti\ + (u-\Y\)\S \ + \Y\\S u \ (12) 
iexuY iei\xuJ\Y 

Put f = {i g / n p : (Ti + S) n (LW T * + ^ 0}- 

We shall use the following obvious facts: For all i G W, we have by ([S]), |^| > |Tj + Sq| > 
+ ^i('S'o) > |Tj| + ^p. For every i G F, Ti + #h C 2} + 77 for some 1 < H < u and some 
j G W. Hence we have |Tj| + \S U \ < |Tj| + |5ri| < |77| = |2%|, by LemmaEl 

Let f7 be a subset of W n J. Put X = I and F = E7". By (JI2J), we have 



|S + T|-LR| > Yl 1^1+ E l^| + («-|C/|)|5 | + |C/||5 u | (13) 

ieUu(Wni)u(Pni) ieJ\u 

> E i^i+E(mi + i^i)+ E (ir i i+^) + iJ\^ii5 i + ic/|i5 u | 

ie(Pr\I)\F ieF ie(Wc\i)uu 

> \T\ + \J\U\\S \ + (\U\ + \F\)\S u \ + \(WnI)UU\^. (14) 

Claim 2 q > \cj)(S)\ + \<f>(T)\ - 1, and hence t = u. 

Proof. The proof is by contradiction. Suppose that q < \4>(S)\ + |</>(T)| — 1. 

Assume first u > 2. By Lemma the are two distinct values of the pair (s,t) such that 
T s + St C E m i, for every i G J. In particular |i? m i| > |j9 m _i | , for every i G J. Also > |5o|, 
for every i G [0, t}. 

Observe that It > t + u > q. We have using (fTUj) 

2|5 | > |5 | + > l(\S u \ + + |S U _ 2 ) > By (HU), applied with X = / and 

y = J, we have 



\S + T\ > Y, |So|+El 5 «-il = (t + l)\S \ + (q-t-l)\S u - 1 

0<i<t ieJ 

= (2i + 2 - g)|5 | + (? - t - 1)(|5 | + |5„_i|) 

,2\H\ i\H\(q-t-l) 2\G\ 
> (2t + 2-q)^ + ^^ 3 ' 
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contradicting ([9]). 
Assume now u = 1. 

From the inequality |T + SI < |T| + |S| — 2, we see that ki(S) < IS 1 ) — 2. Therefore we have 
by ©, ¥ > |T + S\ > \T\ + «i(S) > \S\ + \H\ > 2\H\, and hence 

q > 4. 

We have (t + 1) + (u + 1) - 1< \<f>(S + T)\<q. Then t + 1 = q. Hence £ = | J| = 0. We have 
\W\ > 1, since otherwise G = T + H C S + T. We have [W| < 3, by CE]) applied with U = 0. 
Therefore |P| >i + l — 3 > 4 — 3 = 1. There is clearly i G P with Tj + Si C Tj + for some 
j G and hence |F| > 1. By ([13]) applied with {7 = 0, |T + S| > |T| + |W|^ + |Si|, and 
hence \W\ < 1. It follows that |S + T\ > \G\ - \H\ = \G\ - l -f- > contradicting Q. I 

We must have R = 0, since otherwise by (fbi|) applied with £/ = 0, |S + T\ — \R\ > |S + T\ — 
\S U \\4>(R)\ > \T\ +u|5o| + \S U \ > \T\ + |S[, a contradiction. In particular 

\(/>(S + T)\ = \^S)\ + \^T)\-l. (15) 

Claim 3. 

Proof. Suppose the contrary and take k G J n VF. Put C/ = {/c}. By (HU), 

\S\ + \T\>\S + T\ > \T\ + (u-l)\S \ + \S u \ + (\WfM\ + l)^. 

It follows that I C P. Since S generates G, we have | IJiej T, + .ff + S| > | Uig/ + H\- 

We must have (IJie/ T; + ii~ + S) fl (IJie j ^mi + H) = 0, since otherwise by replacing a suitable 
element of J with some p £ I, we may increase strictly | J n P\, observing that I C P. 

By (US]), there are i G I, j G J and p G [1, it] such that Tj + S p is congruent 1} + S m j. It 
follows that F ^ 0. 

By (HD applied with [7 = 0, 

|5 + T| > |T| + u\S \ + |5 U | > |T| + |S|, 

a contradiction proving the claim. I 

Take r G J with |£V| = |iJ|. Such an r exists by Claim 3. 

Claim ATi + H + Sj = Ti + Sj, for all < j < u - 1. 

Proof. By Lemma [3] it would be enough to show the following: 

\T k \ + \S u - 1 \>\H\, (16) 

for every k G [0,i]. Suppose the contrary. 
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Notice that \E mr \ > max(|T r |, \S U \) and that \E k \ > |5q|. Also \Tk\ + \S u -i\ < \H\ = \E mr \ by 
our hypothesis. We shall use these inequalities and (jlip with X = {k, r}nl and Y = {k, r}nJ. 

By (|lip we have for for k ^ r, 

|5 + T\ > \T\ - \T k \ - \T r \ + {u- \X\)\So\ + \T k \ + \S U ^\ + \S Q \ + \T r \ + \Y\\S U \ 
> \T\ + (u- 1)|5 | + |5 u _i| + \S U \ > \T\ + \S\, 

leading a contradiction. If k = r the contradiction comes more easily. I 

Put D = {ie J:Ti + S mi + H£S + T} and C = (T + H)U [j (Ti+S mi +H)U [J (Ti+S u ). 

i£j\D ieD 

We shall show that 

T + S = C. (17) 

By (USD, we have \(j)(C)\ = t + 1 + u = \<j>{S + T)\. By the definition of D and by Claim 4, 
C \ ( U (Ti + S u )) is i7-periodic subset of S + T. It remains to show that the traces of S + T 

and C coincide on the cosets represented by elements in (J (Tj + S u ). Take i £ D. It follows 

by Claim 4 that mi = u. We can not have T\ + = Tj + S u , mod for some j ^ u, since 
otherwise by Claim 4 7] + H + Sj = T; + 5j, and i ^ D, a contradiction. The proof of (fT7]) is 
compete. 

Let Q = (5 tt - S u ). By {TD]) we have \Q\ > \S U \ > 2. Put D' = {% G D : T t + 5 mi + Q + 
Ti + S mi }. By © we have, |Tj + 5 U | > |Tj| + 

By the definition of D' and since Q C H, we have 

have using (fTT|) . applied with X = and Y = D' 

\S + T\ > \T\-J2\Ti\ + ^2\Emi\+u\So\>\T\ + u\S \ + \D'\^. 

ieD' ieD' 

Clearly T + S + Q = T + S if D' = $. Suppose D' ^ 0. We must have \D'\ < 1, since 
otherwise [S 1 + T > |T| + u\H\ + > \T\ + a contradiction. Then \D'\ = 1. Put 
-D' = {o}. Take x D € T Q .We have |T D — xq + S u — a u \ = \T Q + S u \ < \T Q \ + \S U \ — 2 since 
otherwise |5 + T| > \S\ + \T\ — 1. By the induction hypothesis there is a nonzero subgroup N 
of Q, with T — x + s u — a u + N = T Q — x Q + s u — a u . It follows that T Q + S u + N = T a + S u . 
We have clearly S + T + N = S + T. 



5 Appendix : An isoperimetric proof of Menger's Theorem 

We present here an isoperimetric proof of Menger's Theorem. Let E C V x V and let 
T = (V,E) be a reflexive graph. For a subset X of V, we put X x = V \ T(X). Let x,y be 
elements of V. The graph T will be called (x,y)-k -critical if y is (k — l)-nonseparable from 
x in T, and if this property is destroyed by the deletion of every arc (u, v) with u ^ v. 
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A subset A with x G A and y £ T(A) and |<9(^4)| = k will be called a k-part with respect to 
(x,y;T). 

The reference to (x, y) will be omitted. 

Lemma 12 Assume that V = (V,E) is k-critical and let (u,v) G E be an arc with u ^ v. 
Then Y has k-part F with u £ F and v G d(F). 

Proof. 

Consider the graph ^ = (V, E \ {(it, f )}). There is an F with x G F and y ^ ^(F) such that 
[<9<i((F)| < fc. This forces that u £ F and that vind(F), since otherwise dy(F) = dr(F). 

Since dq,(F) U {w} D <9r(F), we have |<9r(F)| < We must have |<9r(F)| = k, since y is 
(A; — l)-nonseparable from a; in T. This shows that F is a fe-part. 

I 

Lemma 13 Let F be a k-part with respect to (x,y;T). Then F x is a k-part a with respect 
to (y^r- 1 ). Moreover <9_(X A ) = d(X). 

In particular x is {k — l)-nonseparable from y in T —1 , if y is (k — l)-nonseparable from x in 

r. 

Proof. 

We have clearly d_(X A ) C d(X). Put C = d(X) \ d-(X x ). 
Since y <£ F(X U C), we have k < \d(X U C)\ < \d-{X x )\ < \d{X)\ = k. 
I 

The above lemma is a local version of the isoperimetric duality. 

Lemma 14 Assume that T = (V,E) is k-critical and that T(x) n F~ 1 (y) = 0. There is a 
k-part F ofT such that min(|F|, \F X \) > 2. 

Proof. 

Take a path [x, a,b, - ■ ■ ,c,y] of minimal length from x to y. By Lemma \12\ there is a fc-part F, 
with a G F and b G <9(F). We have {x,a} C F. We have \F X \ > 2 since otherwise F A = {y}. 
Hence by Lemma [TBI & £ ^(F) = d~ ({?/})• Therefore 6 G n r -1 (y), a contradiction. 



Let x be an element of V and let T = {y\, • • • , y^} be a subset of V^\{u}. A family of /c-openly 
disjoint paths -Pi, • • • , P&, where Pj is a path from x to y^ will be called an (x, T)-fan. 

Proof of Theorem® 

The proof is by induction, the result being obvious for \V\ small. Assume first that there 
z G r(x)nr -1 (y). Consider the restriction \& of T to Clearly y is (k — 2)-nonseparable 
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from x in By the induction hypothesis there are (A; — l)-openly disjoint paths from x to 
y in ty. We adjoin the path [x, z, y] to these paths and we are done. So we may assume that 

r(x) nr- 1 ^) = 0. 

By Lemma there is a part F with min(|-F|, \F X \) > 2. Consider the reflexive graph = 
{V ,E') obtained by contracting F x to a single vertex yo- We have V = (V \ F x ) U {yo}. 
Since \V'\ < \V\, by the induction hypothesis there are k openly disjoint paths form x yo 
yo- By deleting yo we obtain an (x, 9(F))-fan. Similarly by contracting F and applying 
induction, we form a (d(F),y)-i&n. 

By composing these two fans, we form k openly disjoint paths from x to y. I 
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